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In this paper, we introduce a new class of generalized vector variational-type inequalities
with set-valued mappings (GVVTI). First, the solvability of generalized vector variational-
type inequalities without monotone assumption is considered in Banach spaces by
using Brouwer’s fixed point theorem. Second, by the introduction of the concepts of
pseudomonotone, v-coercive and η-hemicontinuous, the solvability of (GVVTI) is obtained
with the assumption of η-hemicontinuous and pseudomonotone.
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1. Introduction
Giannessi [1] firstly introduced vector variational inequality (VVI) in a finite-dimensional Euclidean space. Since then it
has been a powerful tool in the study of vector optimization and traffic equilibrium problems; see [2–5]. Due to its wide
applications, the theory of the vector variational inequality problems has been established under various conditions; see
[6–12] and the references therein.
In 1987, Chen and Cheng [2] proposed the vector variational inequality in infinite-dimensional space and it was applied
to some optimization problems. Since then, (VVI) has been extensively studied in a general setting by many authors; see
[3,5–7]. Recently, Huang and Fang [4] obtained some results for solutions of vector variational inequalities in reflexive
Banach space. Chen [5] had intensively studied the vector variational inequalities in abstract spaces. Yu and Yao [6]
also obtained some existence results for the vector variational inequalities. In 1997, Konnov and Yao [7] considered the
generalized vector variational inequality which allowed the operators under the consideration to be multi-valued. Lin [12]
gave some results withmulti-valuedmapping, too. He [10] introduced variational inequalities with stable pseudomonotone
in reflexive Banach space. Lee [8] considered scalar variational-type inequalities for pseudomonotone-type set-valued
mappings in nonreflexive Banach spaces. Generalized vector variational-type inequalities were considered by Lee [9], too.
Inspired and motivated by the work of [6,9,13], this paper presents some further results in the area of solvability for
the vector variational-type inequalities in Banach spaces. It is well known that the monotonicity of a nonlinear mapping
is one of the most frequently used hypotheses in the theory of the variational inequality. But in this paper, we obtain the
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existence theorems for solutions of (GVVTI) without monotonicity by using Brouwer fixed point theorem in Section 2, and
at the same time, the proof of the solvability for the (GVVTI) withmonotonicity is also considered by using Ky Fan Lemma in
Section 3.
Definition 1.1 ([6]). Let X and Y be two Banach spaces, K ⊂ X be a nonempty closed and convex set. The set C is said to be
a closed convex and pointed cone with its apex at the origin iff C is closed and the following conditions hold:
(i) λC ⊂ C , for all λ ≥ 0;
(ii) C + C ⊂ C;
(iii) C ∩ (−C) = {0}.
Definition 1.2 ([9]). Given one cone C in Y , we can define partial order relations ‘‘≤C ’’ and ‘‘6≤C ’’ as follows:
x≤C y⇔ y− x ∈ C,
and
x 6≤C y⇔ y− x 6∈ C .
If ‘‘≤C ’’ is a partial order, then (Y ,≤C ) is called a Banach space ordered by C . Let L(X, Y ) denote the space of all continuous
linear mappings from X into Y and T : K → 2L(X,Y ) be a nonlinear mapping.
Definition 1.3. The problem of a generalized vector variational-type inequality is to find a vector x ∈ K satisfying
(GVVTI) 〈s, η(y, x)〉 + f (y, x) 6≤C\{0} 0, ∀ y ∈ K , ∃s ∈ T (x),
where a 6≤C\{0} bmeans b− a 6∈ C \ {0} and f : K × K → Y and η : K × K → X are two mappings.
Definition 1.4. The problem of a generalized weak vector variational-type inequality is to find a vector x ∈ K satisfying
(G−WVVTI) 〈s, η(y, x)〉 + f (y, x) 6≤intC 0, ∀ y ∈ K , ∃s ∈ T (x),
where int C is the interior of C , a 6≤int C bmeans b− a 6∈ int C .
Theorem 1.1 (Brouwer’s Fixed Point Theorem). Let V n be an n-dimensional ball of a real finite Banach space X, p : V n → V n be
a continuous mapping. Then there exists x ∈ V n such that p(x) = x.
Obviously, in Brouwer’s fixed point theorem, if n-dimensional simplex replaces the n-dimensional ball, the theorem still
holds.
Theorem 1.2 ([10]). Let B be a nonempty compact and convex subset of a finite-dimensional space and F : B→ B be a continuous
mapping. Then there exists x ∈ B such that F(x) = x.
2. Solvability of GVVTI without pseudomonotonicity
In this section, inspired by the idea of the proof of [7], we shall present the solvability of (GVVTI) in Banach spaces by
using open covering theorem and Brouwer’s fixed point theorem.
Lemma 2.1. Let K be a nonempty compact convex subset of a real Banach space X, Y be a real Banach space ordered by a
nonempty convex open cone C with apex at the origin and int C 6= ∅. Suppose T : K → 2L(X,Y ) is a nonlinear upper semicontinuous
mapping. Let x → η(x, y) and x → f (x, y) be affine, where η : K × K → K and f : K × K → Y are two mappings. If
f (x, y)+ f (y, x) = 0, then the set
Ny = {x ∈ K : 〈x, η(y, x)〉 + f (y, x)≤C\{0} 0,∀ x ∈ T (x)}
is open.
Proof. Since K is compact, we have that there exists M1 > 0 such that ‖η(x, y)‖ ≤ M1, ∀x, y ∈ K . Define a mapping
gy : K → Y , gy(x) = 〈x, η(y, x)〉 for all x ∈ K and all x ∈ T (x). Since T is upper semicontinuous, we have that for any
neighborhoodN(T (x0)), there exists a neighborhoodN(x0) of x0 such that T (x) ⊂ N(T (x0)) for all x ∈ N(x0). And there exists
a neighborhood N(x0) of x0 such that N(x0) ⊂ N(T (x0)) for all x ∈ T (x). Then ∀ε > 0, U(x0) = {x | ‖x− x0‖ < ε} ⊂ N(x0)
when ε is small enough. That is to say, ∃δ1 > 0, ‖x− x0‖ < εM1 , ∀ x ∈ T (x), if ‖x− x0‖ < δ1.
Because x0 ∈ T (x0), there exists M2 > 0 such that ‖x0‖ ≤ M2. Since η(x, y) is affine with respect to x, then there exist
a linear mapping A : K → Y and a function ϕ : K → Y such that η(x, y) = Ax + ϕ(y). We can easily get that η(x, y) is
continuouswith respect to x. So is f (x, y). Then for ε > 0 as given above, ∃δ2 > 0, ‖η(x, y)−η(x0, y)‖ < εM2 , if ‖x−x0‖ < δ2.
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Let δ = min{δ1, δ2}, we have for ∀x ∈ T (x), x0 ∈ T (x0),
‖gy(x)− gy(x0)‖ = ‖〈x, η(y, x)〉 − 〈x0, η(y, x0)〉‖
= ‖ − 〈x, η(x, y)〉 + 〈x0, η(x0, y)〉‖
= ‖ − 〈x, η(x, y)〉 + 〈x0, η(x, y)〉 + 〈x0, η(x0, y)〉 − 〈x0, η(x, y)〉‖
= ‖〈x0 − x, η(x, y)〉 + 〈x0, η(x0, y)− η(x, y)〉‖
≤ ‖〈x0 − x, η(x, y)〉‖ + ‖x0‖ ‖η(x0, y)− η(x, y)‖
≤ ε
M1
·M1 +M2 · εM2
= 2ε,
if ‖x − x0‖ < δ. So gy(x) is continuous with respect to x. Since f (x, y) is continuous with respect to x, we have that
f (x, y)− gy(x) = −(f (y, x)+ 〈x, η(y, x)〉) is continuous with respect to x, too. Because C is open, Ny is open. 
According to Lemma 2.1, we have the following theorem.
Theorem 2.1. Let K be a nonempty compact convex subset of a real Banach space X, Y be a real Banach space ordered by a
nonempty convex open cone C with apex at the origin and int C 6= ∅. Suppose T : K → 2L(X,Y ) is a nonlinear and upper
semicontinuous mapping. Assume that for each y ∈ K , x → η(x, y) and x → f (x, y) are affine, where η : K × K → K and
f : K × K → Y are two mappings such that η(x, y) + η(y, x) = 0 and f (x, y) + f (y, x) = 0 for all x ∈ K . Then (GVVTI) is
solvable.
Proof. If (GVVTI) is unsolvable, that is to say, for all y ∈ K , there exists x0 ∈ K such that ∀s ∈ T (y),
〈s, η(x0, y)〉 + f (x0, y)≤C\{0} 0. (2.1)
For every y ∈ K , we define a set
Ny = {x ∈ K : 〈t, η(y, x)〉 + f (y, x)≤C\{0} 0, ∀ t ∈ T (x)}. (2.2)
According to Lemma 2.1, Ny is open in K . Since Ny is open, {Ny|y ∈ K} is an open covering of K . Indeed, on the one hand,
it is obvious that
⋃
y∈K Ny ⊂ K . On the other hand, ∀x ∈ K , it follows from the assumption that ∃x0 ∈ K ,
〈x, η(x0, x)〉 + f (x0, x)≤C\{0} 0, ∀ x ∈ T (x).
So we have that x ∈ Nx0 , x0 ∈ K , that is to say, K ⊂
⋃
y∈K Ny. Then
⋃
y∈K Ny = K . Since K is compact, there exists a finite
set {y1, y2, . . . , yn} ⊂ K such that K =⋃nj=1 Nyj .
So there exists a continuous partition of a union {β1, . . . , βn} subordinate to {Ny1 ,Ny2 , . . . ,Nyn} such that for all x ∈
K , βj(x) ≥ 0, j = 1, 2, . . . , n,
n∑
j=1
βj(x) = 1,
and
βj(x)
{
> 0, x ∈ Nj
= 0, x 6∈ Nj.
Let p : K → K be a mapping defined by
p(x) =
n∑
j=1
βj(x)yj, ∀ x ∈ K .
Let S = co{y1, y2, . . . , yn}, then S is a simplex in K , by the definition of simplex in [14]. Since βj is continuous for each j, p
is a continuous mapping from S into S. By Brouwer’s fixed point theorem, there exists some x0 ∈ S such that p(x0) = x0.
Define a mapping q : K → Y , ∀t ∈ T (x) by
q(x) = 〈t, η(p(x), x)〉 + f (p(x), x)
=
〈
t, η
(
n∑
j=1
βj(x)yj, x
)〉
+ f
(
n∑
j=1
βj(x)yj, x
)
=
n∑
j=1
βj(x)〈t, η(yj, x)〉 +
n∑
j=1
βj(x)f (yj, x)
=
n∑
j=1
βj(x)[〈t, η(yj, x)〉 + f (yj, x)].
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Let N0 = {j : 0 < βj(x) 6 1} for any given x ∈ K . Obviously, N0 6= ∅. It follows from (2.2) that
q(x) =
∑
j∈N0
βj(x)[〈t, η(yj, x)〉 + f (yj, x)] ≤C\{0} 0,
for all x ∈ K and all t ∈ T (x).
However, since x0 ∈ S ⊂ K is a fixed point of p(x), we have
q(x0) = 〈t0, η(p(x0), x0)〉 + f (p(x0), x0)
= 〈t0, η(x0, x0)〉 + f (x0, x0)
= 0≤C\{0} 0,
for all t0 ∈ T (x0), which is a contradiction. So (GVVTI) is solvable. 
Corollary 2.1. Let K be a nonempty compact convex subset of a real Banach space X, Y be a real Banach space ordered by a
nonempty convex cone C with apex at the origin and int C 6= ∅. Suppose T : K → 2L(X,Y ) is a nonlinear semicontinuous mapping.
Assume that for each y ∈ K , x → η(x, y) and x → f (x, y) are affine, where η : K × K → K and f : K × K → Y are two
mappings such that η(x, y)+ η(y, x) = 0 and f (x, y)+ f (y, x) = 0 for all x ∈ K . Then (G-WVVTI) is solvable.
Because int C is open, we have that the set
Ny = {x ∈ K : 〈x, η(y, x)〉 + f (y, x)≤int C 0, ∀ x ∈ T (x)}
is open according to Lemma 2.1. So the proof of Corollary 2.1 is similar to that of Theorem 2.1.
If the condition of the boundedness of K is dropped off, then we have the following lemma and theorem under coercivity
condition. The idea of the proof is inspired by [9].
Definition 2.1. Let X, Y be Banach spaces and K be a nonempty closed convex subset of X . Let T : K → 2L(X,Y ) and C be a
nonempty convex cone with int C 6= ∅. Then we define that
C∗ = {f ∈ Y ∗ : 〈f , c〉 > 0, for all c ∈ C \ {0}},
where 〈f , c〉 denotes the value of f at c . T is called v-coercive if there exist x0 ∈ K and s ∈ C∗ such that
∃t ∈ T (x), ∃t0 ∈ T (x0), 〈s ◦ t − s ◦ t0, η(x, x0)〉 + s(f (x, x0))‖η(x0, x)‖ → ∞ (2.3)
as x ∈ K , ‖x‖ → ∞.
Lemma 2.2. Let K be a nonempty unbounded closed convex subset of a real reflexive Banach space X, Y be a real Banach space
ordered by a nonempty convex cone C with its apex at the origin and intC 6= ∅. Let mappings x → η(x, ·) and x → f (x, ·) be
affine where η : K × K → X, f : K × K → Y are mappings. Let T : K → 2L(X,Y ) be a continuous nonlinear mapping and Br
denote the closed ball with its center at the origin and radius r in X. Let xr be an element of K ∩Br . Then the function gxr on K ∩Br
which is given by
∃tr ∈ T (xr), gxr (y) = 〈s, 〈tr , η(y, xr)〉 + f (y, xr)〉
is continuous from K ∩ Br to the real numbers, where s ∈ Y ∗.
Proof. Since x → η(x, y) is affine, η(x, y) is affine with respect to x. Then there exist a linear mapping A : K → Y and a
function ϕ : K → Y such that η(x, y) = Ax + ϕ(y), and we can easily get that η(x, y) is continuous with respect to x. So is
f (x, y).
Since s ∈ Y ∗, we have that ∀ε > 0, ∃δ1 > 0, such that
|〈s, x〉| < ε
2
,
if ‖x‖ < δ1. Because tr ∈ L(X, Y ), we have that ∃δ2 > 0, such that
‖〈tr , y〉‖ < δ1,
if ‖y‖ < δ2. So |〈s, 〈tr , y〉〉| < ε2 .
Because of the continuity of η(x, y) and f (x, y)with respect to x, there exists δ > 0 such that ‖η(y, xr)− η(y1, xr)‖ < δ2,
‖f (y, xr)− f (y1, xr)‖ < δ1, if ‖y− y1‖ < δ. So
‖〈tr , η(y, xr)− η(y1, xr)〉‖ < δ1, |〈s, f (y, xr)− f (y1, xr)〉| < ε2 ,
and
|〈s, 〈tr , η(y, xr)− η(y1, xr)〉〉| < ε2 .
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Then
|gxr (y)− gxr (y1)| = |〈s, 〈tr , η(y, xr)〉 + f (y, xr)〉 − 〈s, 〈tr , η(y1, xr)〉 + f (y1, xr)〉|
= |〈s, 〈tr , η(y, xr)− η(y1, xr)〉 + f (y, xr)− f (y1, xr)〉|
≤ |〈s, 〈tr , η(y, xr)− η(y1, xr)〉〉| + |〈s, f (y, xr)− f (y1, xr)〉|
<
ε
2
+ ε
2= ε.
That is to say, gxr (y) is continuous. 
Lemma 2.3. Let K be a nonempty unbounded closed convex subset of a real reflexive Banach space X, Y be a real Banach space
ordered by a nonempty convex cone C with its apex at the origin and intC 6= ∅. Let mappings x → η(x, ·) and x → f (x, ·) be
affine where η : K×K → X, f : K×K → Y are mappings. Let T : K → 2L(X,Y ) be a nonlinear mapping and Br denote the closed
ball with its center at the origin and radius r in X. Then there exists xr ∈ K ∩ Br , such that for all y ∈ K ∩ Br and all tr ∈ T (xr),
〈s, 〈tr , η(y, xr)〉 + f (y, xr)〉 ≥ 0,
where s ∈ Y ∗.
Proof. If the conclusion is not true, that is to say, for all xr ∈ K ∩ Br , there exist y ∈ K ∩ Br and tr ∈ T (xr) such that
〈s, 〈tr , η(y, xr)〉 + f (y, xr)〉 < 0.
We define a set, ∀xr ∈ K ∩ Br ,
Nxr = {y ∈ K ∩ Br |〈s, 〈tr , η(y, xr)〉 + f (y, xr)〉 < 0, ∃tr ∈ T (xr)}.
By Lemma 2.2, Nxr is an open set. And, obviously,
⋃
xr∈K∩Br Nxr = K ∩ Br . Since X is reflexive, we have that K ∩ Br is
compact. So there exists a finite set {x1r , x2r , . . . , xnr } ⊂ K ∩Br such that K ∩Br =
⋃n
j=1 Nxjr . We choose a continuous partition
of union {β1, . . . , βn}with respect to {x1r , x2r , . . . , xnr } such that βj(x) ≥ 0,
∑n
j=1 βj(x) = 1 for all x ∈ K ∩ Br , j = 1, 2, . . . , n,
and
βj(x)
{
> 0, x ∈ Nxj ,= 0, x 6∈ Nxj .
Define a mapping p : K ∩ Br → K ∩ Br by
p(x) =
n∑
j=1
βj(x)xjr , ∀ x ∈ K ∩ Br .
By the continuity of the function βj, p is a continuous mapping on K ∩ Br . Because K is convex, K ∩ Br is convex. Hence by
Theorem 1.2, there exists an element x0 of K ∩ Br such that p(x0) = x0.
On the other hand, for given t ∈ T (x), consider the real-valued function q on K ∩ Br ,
q(x) = 〈s, 〈t, η(p(x), x)〉 + f (p(x), x)〉
=
〈
s,
〈
t, η
(
n∑
j=1
βj(x)xjr , x
)〉
+ f
(
n∑
j=1
βj(x)xjr , x
)〉
=
n∑
j=1
βj(x)〈s, 〈t, η(xjr , x)〉 + f (xjr , x)〉.
For any given x ∈ K , let N0 = {j | 0 < βj(x) ≤ 1}. Obviously, N0 6= ∅. So
q(x) =
∑
j∈N0
βj(x)〈s, 〈t, η(xjr , x)〉 + f (xjr , x)〉.
It follows from the assumption that q(x) < 0 for all x ∈ K ∩ Br , but
q(x0) = 〈s, 〈t0, η(p(x0), x0)+ f (p(x0), x0)〉〉 = 〈s, 0〉 = 0, t0 ∈ T (x0),
which is a contradiction. So for all y ∈ K ∩ Br and all tr ∈ T (xr),
〈s, 〈tr , η(y, xr)〉 + f (y, xr)〉 ≥ 0. 
According to Lemmas 2.2 and 2.3, we have the following theorem.
Theorem 2.2. Let K be a nonempty unbounded closed convex subset of a real reflexive Banach space X, Y be a real Banach space
ordered by a nonempty convex cone C with its apex at the origin and int C 6= ∅. Let mappings x → η(x, ·) and x → f (x, ·) be
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affine and lower semicontinuous. Furthermore, assume that η(x, y) + η(y, x) = 0 and f (x, y) + f (y, x) = 0 for x, y ∈ K. Let
T : K → 2L(X,Y ) be a nonlinear mapping, and suppose T is v-coercive. Then (GVVTI) is solvable.
Proof. Firstly, we prove the following result: if x0 ∈ X and s ∈ C∗ satisfy the following variational inequality:
〈s ◦ t0, η(y, x0)〉 + s(f (y, x0)) ≥ 0, ∀ y ∈ K , ∃t0 ∈ T (x0), (2.4)
then x0 is also a solution to the (GVVTI).
Indeed, assume that x0 is not a solution to the (GVVTI), then there exists some y ∈ K such that
∀t0 ∈ T (x0), 〈t0, η(y, x0)〉 + f (y, x0)≤C\{0} 0.
Since s ∈ {f ∈ Y ∗ : 〈f , c〉 > 0, for all c ∈ C \ {0}} and ∀t0 ∈ T (x0),
〈t0, η(x0, y)〉 + f (x0, y) = 0− 〈t0, η(y, x0)〉 + f (y, x0) ∈ C \ {0}.
It follows that
s[〈t0, η(x0, y)〉 + f (x0, y)] = 〈s ◦ t0, η(x0, y)〉 + s(f (x0, y)) > 0.
Thus for some y ∈ K and all t0 ∈ T (x0),
s[〈t0, η(y, x0)〉 + f (y, x0)] = 〈s ◦ t0, η(y, x0)〉 + s(f (y, x0)) < 0.
This implies that x0 is not a solution of the variational inequality (2.4), which is a contradiction.
Obviously, it is sufficient to prove that problem (2.4) is solvable. Let Br denote the closed ball with its center at the origin
and radius r in X . Since X is reflexive, K ∩ Br is a weakly compact subset of X , and by Lemma 2.3, there exists xr ∈ K ∩ Br
such that
∀y ∈ K ∩ Br , ∃tr ∈ T (xr), 〈s ◦ tr , η(y, xr)〉 + s(f (y, xr)) ≥ 0. (2.5)
Choose ‖x0‖ ≤ r with x0 as in condition (2.3), it follows from (2.5) that
〈s ◦ tr , η(x0, xr)〉 + s(f (x0, xr)) ≥ 0. (2.6)
Moreover,
〈s ◦ tr , η(x0, xr)〉 + s(f (x0, xr)) = −〈s ◦ tr , η(xr , x0)〉 + s(f (x0, xr))
= −〈s ◦ tr − s ◦ t0, η(xr , x0)〉 + s(f (x0, xr))+ 〈s ◦ t0, η(x0, xr)〉
≤ −〈s ◦ tr − s ◦ t0, η(xr , x0)〉 + s(f (x0, xr))+ ‖s ◦ t0‖‖η(x0, xr)‖
= ‖η(x0, xr)‖
(−〈s ◦ tr − s ◦ t0, η(xr , x0)〉 − s(f (xr , x0))
‖η(x0, xr)‖ + ‖s ◦ t0‖
)
.
If ‖xr‖ = r for all r , it follows from (2.3) that
∃tr ∈ T (xr), 〈s ◦ tr , η(x0, xr)〉 + s(f (x0, xr)) < 0,
for r large enough, which contradicts with (2.6). Hence there exists some r such that ‖xr‖ < r . We can choose ε > 0 small
enough for every x ∈ K such that xr + ε(x− xr) ∈ K ∩ Br . Thus
∃tr ∈ T (xr), 〈s ◦ tr , η(xr + ε(x− xr), xr)〉 + s(f (xr + ε(x− xr), xr)) ≥ 0.
Then
〈s ◦ tr , η(εx+ (1− ε)xr , xr)〉 + s(f (εx+ (1− ε)xr , xr)) = 〈s ◦ tr , η(εx, xr)〉 + s(f (εx, xr)) ≥ 0.
Hence, we have
∀x ∈ K , ∃tr ∈ T (xr), 〈s ◦ tr , η(x, xr)〉 + s(f (x, xr)) ≥ 0.
Therefore, xr is a solution of problem (GVVTI). 
3. Solvability of GVVTI with pseudomonotonicity
As we all know that the monotonicity of a nonlinear mapping is one of the most important conditions in the proof
of the existence of variational equalities; see [9,6]. Theorems 2.1 and 2.2 present the solvability of (GVVTI) without
pseudomonotonicity. Next we prove the solvability of (GVVTI) under some suitable generalized pseudomonotonicity by
using Ky Fan Lemma.
Definition 3.1. Amapping T : K → 2L(X,Y ) is said to be pseudomonotone if for every x, y ∈ K , and for all x ∈ T (x), y ∈ T (y),
〈x, η(y, x)〉 + f (y, x) 6≤C\{0} 0⇒ 〈y, η(y, x)〉 + f (y, x)≥C 0.
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Example 3.1. Let X = R, K = R, Y = R2, C = R2+ and η(y, x) = y− x, f ≡ 0,
T (x) =

sin2
(
x+ n
2
pi
)
+ 1
cos2
(
x+ n
2
pi
)
+ 1
 | n = 0, 1, 2, . . .

for all x, y ∈ K , where T : K → 2L(x,y), η : K × K → X , f : K × K → Y .
We assert that T is pseudomonotone.
〈T (y), η(y, x)〉 + f (y, x) =

sin2
(
x+ n
2
pi
)
+ 1
cos2
(
x+ n
2
pi
)
+ 1
 (y− x) | n = 0, 1, 2, . . .

=

(sin2
(
x+ n
2
pi
)
+ 1)(y− x)
(cos2
(
x+ n
2
pi
)
+ 1)(y− x)
 | n = 0, 1, 2, . . .

6≤C\{0} 0
implies that y− x > 0. So it follows that
〈T (y), η(y, x)〉 + f (y, x) =

sin2
(
x+ n
2
pi
)
+ 1
cos2
(
x+ n
2
pi
)
+ 1
 (y− x) | n = 0, 1, 2, . . .

=

(sin2
(
x+ n
2
pi
)
+ 1)(y− x)
(cos2
(
x+ n
2
pi
)
+ 1)(y− x)
 | n = 0, 1, 2, . . .

≥C 0.
This shows that T is pseudomonotone.
Definition 3.2. A mapping T : K → 2L(X,Y ) is said to be η-hemicontinuous if for every x, y ∈ K , and t ∈ [0, 1], the mapping
t → T (x+ t(y− x)) is upper semicontinuous at 0+.
Example 3.2. Let X, K , Y , C, T be the same as in Example 3.1, and ψ : t → T (x+ t(y− x)) be a mapping for all x, y ∈ K .
We have proved that T is pseudomonotone. On the other hand, since
T (x+ t(y− x)) =

sin2
(
x+ t(y− x)+ n
2
pi
)
+ 1
cos2
(
x+ t(y− x)+ n
2
pi
)
+ 1
 | n = 0, 1, 2, . . .

for all x, y ∈ K , we have that ψ(0) = T (x) =
{(
x
y
)
| x, y ∈ [1, 2]
}
,
lim sup
tv→0+
ψ(tv) =
⋃
tv→0+
lim sup
v→∞
ψ(tv) =
{(
x
y
)
| x, y ∈ [1, 2]
}
.
We can easily get thatψ(0) = lim suptv→0+ ψ(tv),∀tv ∈ [0, 1]. That is to say, T is η-hemicontinuous at 0+. Obviously, T is
a set-valued mapping. So T is a pseudomonotone and η-hemicontinuous mapping, but not singleton.
Definition 3.3 ([7]). Let K be a nonempty closed convex subset of a Hausdorff topological vector space and F : K → 2K be
a multi-valued mapping. F is called a KKMmapping if
co{x1, x2, . . . , xn} ⊂
n⋃
i=1
F(xi)
for any finite set {x1, x2, . . . , xn} of X , where co{x1, x2, . . . , xn} denotes the convex hull of the set {x1, x2, . . . , xn}.
Lemma 3.1 ([9]). Let K be a nonempty closed convex subset of a Hausdorff topological vector space and F : K → 2K be a multi-
valued mapping. Suppose that for any finite set {x1, x2, . . . , xn}, co{x1, x2, . . . , xn} ⊂ ⋃ni=1 F(xi) (i.e. F is a KKM mapping). If
F(x) is closed for each x ∈ K and compact for some x ∈ K , then⋂x∈K F(x) 6= ∅.
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Lemma 3.2. Let K be a nonempty closed convex subset of a real Banach space X, and Y be a real Banach space ordered by a pointed
closed convex cone C with its apex at the origin and int C 6= ∅. Let η : K × K → X be a mapping and f : K × K → R ∪ {+∞}
be a proper functional such that x → η(x, ·) and x → f (x, ·) be affine. Furthermore, assume that η(x, y) + η(y, x) = 0 and
f (x, y)+ f (y, x) = 0 for x, y ∈ K .
Let T : K → 2L(X,Y ) be a η-hemicontinuous, pseudomonotone mapping, then for any given x0 ∈ K , there exists x0 ∈ T (x0)
such that for all y ∈ K ,
〈x0, η(y, x0)〉 + f (y, x0) 6≤C\{0} 0, (3.7)
if and only if for all y ∈ T (y) and all y ∈ K ,
〈y, η(y, x0)〉 + f (y, x0)≥C 0. (3.8)
Proof. If x0 satisfies (3.7), then by the pseudomonotonicity of T , (3.8) holds.
Conversely, suppose x0 ∈ K satisfies (3.8). Let zα = αy+ (1−α)x0, α ∈ [0, 1]. Substituting zα = αy+ (1−α)x0 to (3.8),
we have ∀zα ∈ T (zα),
〈zα, η(zα, x0)〉 + f (zα, x0)≥C 0.
Thus α(〈zα, η(y, x0)〉 + f (y, x0))≥C 0. Since C is convex, then we have
∀y ∈ K , ∀zα ∈ T (x0 + α(y− x0)), 〈zα, η(y, x0)〉 + f (y, x0)≥C 0.
By the η-hemicontinuity of T , we have α→ 0+,
zα ∈ T (x0 + α(y− x0))→ z0 ∈ T (x0).
Then we have for all y ∈ K , ∃ z0 ∈ T (x0), such that
〈z0, η(y, x0)〉 + f (y, x0)≥C 0, as α→ 0+.
Hence 〈z0, η(y, x0)〉 + f (y, x0) 6≤C\{0} 0 for all y ∈ K . 
Theorem 3.1. Let K be a nonempty bounded closed convex subset of a real reflexive Banach space X and Y be a real Banach space
ordered by a pointed, closed, convex cone C with its apex at the origin and intC 6= ∅. Assume that η : K × K → X be a mapping
and f : K × K → R ∪ {∞} be a functional. Let two mappings x→ η(x, ·) and x→ f (x, ·) be affine. Furthermore, assume that
η(x, y) + η(y, x) = 0 and f (x, y) + f (y, x) = 0 for x, y ∈ K . Let T : K → 2L(X,Y ) be a η-hemicontinuous, pseudomonotone
mapping. Then (GVVTI) is solvable.
Proof. Define mappings F ,G : K → 2K by
F(y) = {x ∈ K : ∃x ∈ T (x), 〈x, η(y, x)〉 + f (y, x) 6≤C\{0} 0}
and
G(y) = {x ∈ K : ∀y ∈ T (y), 〈y, η(y, x)〉 + f (y, x)≥C 0}.
Obviously, y ∈ F(y)∩ G(y) for all y ∈ K . Furthermore, since K is bounded, then G(y) is bounded. And, it is obvious that G(y)
is convex and closed in K . Since T is η-hemicontinuous and pseudomonotone, it follows from Lemma 3.2 that F(y) ⊂ G(y)
for all y ∈ K and⋂y∈K F(y) =⋂y∈K G(y).
Now we show that G is a KKM mapping by proving that F is a KKM mapping. Indeed, assume that F is not a KKM
mapping, then there exist x1, x2, . . . , xn ∈ K , ti ≥ 0 (i = 1, 2, . . . , n) with∑ni=1 ti = 1 and x = ∑ni=1 tixi such that
x 6∈ F(xi), i = 1, 2, . . . , n. That is, 〈x, η(xi, x)〉 + f (xi, x)≤C\{0} 0, x ∈ T (x), i = 1, 2, . . . , n.
It follows that
0 = 〈x, η(x, x)〉 + f (x, x)
=
n∑
i=1
ti(〈x, η(xi, x)〉 + f (xi, x))≤C\{0} 0.
Therefore, F is a KKM mapping and so is G. Since X is reflexive, G(y) is weakly compact. Because of the closedness of G(y),
G(y) is compact. It follows from Lemma 3.1 that
⋂
y∈K F(y) =
⋂
y∈K G(y) 6= ∅, which implies that there exists x ∈ K such
that ∃ x ∈ T (x) such that ∀y ∈ K ,
〈x, η(y, x)〉 + f (y, x) 6≤C\{0} 0.
That is to say, (GVVTI) is solvable. 
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